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In this note, we will establish a general asymptotic relationship between 
the solutions of equation 
x’ = A(t)x +f(t, x) (1) 
and the equation 
y’ = AplY +f(t, Y> + & Y) (2) 
by using perturbation techniques that are essentially linear methods. In 
Eqs. (1) and (2), x and y are vectors in an n-dimensional vector space X, 
A(t) is a locally integrable n x n matrix defined on J = [0, co), f and g are 
n-dimensional vector functions defined on J x X. 
A basic requirement imposed upon the functions f and g of (1) and (2) 
is that f (t, LY) and g(t, x) are measurable functions of t for fixed x E X and 
continuous functions of x for fixed t E J, where the continuity off and g in 
x is uniform for t in compact subintervals of 1. 
The aim of this paper is to obtain results which considerably extend those 
of Kartsatos [3]. In [3], the asymptotic equivalence of Eqs. (1) and (2) is 
discussed whenever A = A(t) is small in a certain sense. In particular, 
Theorem 2 of [3] is not applicable whenever A is a constant matrix. Advan- 
tages of our approach include a more comprehensive class of differential 
equations containing arbitrary linear terms, a general Banach space setting 
for the asymptotic equivalence, and the utilization of the dimensions of certain 
asymptotic subspaces of these Banach spaces. 
The basic technique employed is the concept of admissibility coupled with 
the Schauder-Tychonoff fixed point theorem. Fundamental to this approach 
is work of Hartman and Onuchic [2]; our procedure is essentially an adaption 
of the work of Onuchic and the author [ 11. 
The notation is the same as that in [l]; it is presented here for convenient 
reference. 
* This research was supported in part by the National Science Foundation under 
grant GP-11543. 
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The symbol 11 *11 will designate a norm on X. The symbol fi = /3(J, R) 
denotes a Banach space of real-valued functions defined on J with the norm 
of 4 E fi given by ( 4 Ia . B = B(X) = /I( J, X) will represent the space of 
measurable functions x = x(t) defined on J with values in X such that 
I] x(t)11 E p and I x(t)iB = 1 11 x(t)11 la . L = L( J, R) denotes the space of locally 
Lebesgue integrable real-valued functions defined on J with the topology 
of convergence in the mean of order one on bounded subintervals of J, 
L(X) = L( J, X) will represent the space of measurable functions x from J 
to X such that /I x(t)11 EL(J, R). A Banach space B is stronger than L(X) 
if B is algebraically contained in L(X) and convergence in B implies conver- 
gence in L(X). Any Banach space of measurable functions from J to X used 
below will be tacitly assumed to be stronger than L(X). 
The class H = H(R) consists of all Banach spaces ,6 = /3( J, R) of measurable 
functions from J to R which satisfy the following properties: 
(i) /3 is stronger than L( J, R); 
(ii) If $ EB, # is measurable, and I #(t)l < 1 +(t)l, then # E p and 
I4IS<I4lS; 
(iii) If h, is the characteristic function of the interval I, then h, ~jz? 
for all intervals I = [0, 2’1, for T > 0. 
(iv) /I is lean at infinity, that is, if # E /3 then h,,,,+ --+$ as T + co. 
For example, the spaces Le( J, R) (1 < p < co) and L,,“( J, R) the subspace 
of Lm( J, R) consisting of functions x = x(t) such that satisfy ess lim,,, 
x(t) = 0, are in H(R) but Lm( J, R) is not in H(R). 
H(X) = H( J, X) will represent the space of measurable functions x from 
J to X such that I( x(t) (1 E H(R). 
In the equations 
z’ = A(t)z (3) 
and 
W’ = A(t)w + b(t), (4) 
A(t) is an n x n matrix, locally Lebesgue integrable on J, and b EL(X). 
We assume that the Banach spaces used in the sequel consist of measurable 
functions from J to X unless the contrary is specified. For a given Banach 
space D, let X0, denote the set of initial points x(O) E X of solutions of 
Eq. (3) with x = x(t) in D. Let Xi, be any subspace of X complementary 
to X,,, and POD the projection of X onto X,,, which annihilates X1, . A pair 
of Banach spaces (B, D) is called admissible for A(t) if for every b E B, (4) has 
at least one solution w = w(t) in D. An n-dimensional vector function 
x = x(t) from [T, co) to X, T > 0, is asymptoticu& in the Buaach space B 
if there is a vector function x” = Z(t) from J to X which is in B and such that 
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Z(t) = x(t) for t > T. Whenever the function x is asymptotically in B and x 
is also a solution of a differential equation, then we will say that x is an 
qmptotic B solution of the differential equation. 
Let C = C(X) = C(J, X) denote the space of continuous functions from 
J to X with the compact open topology. Let Co,, be the closed ball of radius 
p in D; let SD,p = CDs0 n C and SD,, be the closure of So,, in C(X). 
The lemma of [l] is the basic tool used here. It is stated in a form con- 
venient for our purposes. 
LEMMA. Suppose that the following conditions hold. (i) The functions A 
and f possess the previously mentioned continuity properties. 
(ii) The Banach space B = fl(J, X) is in H(X) and the pair (B, D) is 
admissible for A(t). 
(iii) There exists a constant OL > 0 and a function r, = r,(t) E /3(J, R) 
such that 
for all t E J and all x E s,,, . 
(iv) m = dim X0, . 
Then the following conclusion hold: (v) There exists a family, F, of solutions 
of (1) where each x E F is asymptotically in D. The dimension of F is at least m. 
(vi) For x E F, there is a T > 0 where x is dejnzd on [T, oo), x has an 
extenszim x” that is a solution of x’ = A(t)x + h,,,,)(t) f (t, x) and 1 Z ID < CL 
In the instance that a solution of a differential equation can be determined, 
it is convenient to have a general definition of asymptotic equivalence that 
involves the known solution. The following is similar to the definition in [I]. 
Suppose that x,, = x0(t) is a solution of (1) defined on J, 
Let p and q be integers that satisfy the inequalities 0 < p < n, 0 < q < n. 
Equations (1) and (2) are (p, q)-asymptotically related with respect o the pair 
(DI , D,} of Banuch spaces and the solution x0 of (1) if the following two con- 
ditions hold: 
(i) There exists a familyF* of solutions x = x(t) of (1) with the dimension 
of F, at least p; furthermore, if x EF~ then x is of the form x = u + x0 for 
some function u which is asymptotically in D, . 
(ii) For each solution x = x(t) of (1) that is in F, , there corresponds a 
family F, of solutions y = y(t) of (2), which is of dimension at least 4. Further- 
more, x - y is asymptotically in D, for each y E F, . 
We adopt the convention that a family with dimension at least 0 must 
consist of at least one member. 
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Define F(t, U; x,,) by 
THEOREM. Let the following conditions hold: (i) The Banazh space D, is a 
subspace of the Banach space D, . 
(ii) Let B E H(X) and (B, D,) be admissible for A(t). 
(iii) Corresponding to the constant p > 0, there exists a function r0 E p( J, R) 
such that if u E s+ , then 
IIF(t, 4th xo)ll < rXt>, 0 E J>; 
and, if u E S+ , then 
II g(t, u(t) + W)ll G r,(t), (t E J>. 
(iv) Let p = dim X,,,I and 4 = dim Xoo, . Then Eqs. (1) and (2) are 
(p, q)-asymptotically related with respect o (Dl , Dz} and the solution x,, of (1). 
Proof. The transformation u = x - x,, applied to equation (1) leads 
to the equation 
u’ = A(t)u +F(t, u; x,,). (5) 
It follows from (i) and (ii) above that the pair (B, DI) is admissible for A(t). 
The lemma, using the pair (B, DI) and the constant a: = p/2, can be applied 
to Eq. (5). Conclusion (v) of the lemma implies that there exists a family F of 
solutions of (5) that are asymptotically in D, and that the dimension of F is 
at least p. It follows that the family, F, , of all functions x = u + x,, , u E F, is 
a set of solutions of (1) which is of dimension at least p. These solutions are 
in the desired form for the first part of the conclusion of the theorem. It can 
be deduced from conclusion (vi) of the lemma that / x - x0 jo < p/2, where 
x - x,, is an extension of u = x - x,, to J. 
We now consider a solution x* E F, . The change of variables v = y - x* 
in (2) leads to the equation 
v’ = A(t)v + G(t, v; x,), (6) 
where 
G(t, v; x*) E F(t, v; x*) + g(t, v + x*(t))* 
We note that 
F(t, v; x.+.) = F(t, v + x* - x,, ; x0). 
If v E s+,,a , we have that 
1 ‘u + x* - x~ iD, < 1 ‘0 ID, + 1 x* - x~ iDI < f’. 
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This implies that for all v E so,,,,s , 
IIF@, 4th x*)ll G r,(t), (t E 1). (7) 
Since 1 zI + x* - x0 ID1 < p provided I w 1 o, < p/2, from hypothesis (iii) 
we obtain 
II &a 4t> + x*Wl G To(t) (t E I>- (8) 
The inequalities (7) and (8) imply that 
II W> $0; 4l G 2rrSt) (t E I> 
for all zI E SD2,~,s . An application of the lemma to Eq. (6) implies that there 
is a family F, of asymptotic D, solutions of (6); furthermore, this family is of 
dimension at least Q. Any n E F, generates a solution y of (2) withy - x* E D, . 
This shows that Eqs. (1) and (2) are (p, q)-asymptotically related with respect 
to {Dl , D2} and x0 . 
Remark. In [3], Kartsatos assumes that A(t) = 0 and imposes a stronger 
condition than (iii) of the above theorem. Using the terminology of this 
paper, his conclusion can be stated as Eqs. (1) and (2) are (0, 0)-asymptotically 
related with respect to {L”, L,“} and the solution x,, of (1). 
When A(t) = 0, the pair of Banach spaces (LX, ~5,~) is always admissible 
since b in L1 implies that the system z’ = b(t) has the solution 
x(t) = -jtm b(s) ds in L,“. 
Thus, the foregoing theorem is an extension of the results in [3]. 
To obtain applications to spaces other than Lm, the examples in [l] can be 
easily modified along the lines of this article. 
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